1. Introduction. Unless otherwise specified, (G, +) will always denote a (not necessarily abelian) locally compact topological group. Measure will denote a Haar measure on G ; if G is compact, it is assumed that p(G) = 1. All functions considered are complex-valued. If / is a function on an open subset A of G, then AA/and Vhf (hEG) denote the functions given by Akf(x) =f(x+h) -f(x) and Vhf(x)=f(h+x)-f(x)
on AiA(A-h) and AC\(-h+A), respectively. A function T on G is said to be additive if T(x+y) =T(x)+T(y) for all x and y in G. A function / on an open subset A of G is said to be Riemann integrable if / is bounded on every compact subset of A, and if the set of points of discontinuity of / is of measure 0.
The classes of continuous functions and Riemann integrable functions were among the many classes C of functions on the real line which, by results of de Bruijn [2; 3] , are known to possess the following difference property: If fis a function on R such that, for each hER, Aa/£C, then there exists an additive function T on R such that f-TEC. It will be shown that these two classes continue to possess such a property, or a stronger property, the so-called local difference property due to Kemperman [6] , when the functions are defined on compact groups, or on open subsets of locally compact abelian
groups.
In what follows, many statements concerning the class of continuous functions become valid for Riemann integrable functions after slight modification; these changes will be enclosed in brackets [ ].
2. The basic ideas in the proof are to show that the functions g and V can be defined on G by means of the equations
and then to show that V is additive, while g is continuous [Riemann integrable].
For each x, the integrands in (2.1) and (2.2) are measurable functions of y, and their sum is f(x). As soon as it is shown that the integrand in (2.1) is a bounded function, both integrands will be bounded, so that both g(x) and T(x) will be defined. The boundedness of this integrand (jointly in x and y) follows from taking <bx(y)=f(x) +/(y) -f(x -\-y) in Lemma 2.1 below. The formulation of Lemma 2.1, stronger than necessary for the present application, will be used in the next section; the same remark will apply to Lemmas 2.2 and 2.3. The method of proof of this lemma is similar to that of de Bruijn Let h be a point common to SM and -S+y. Then h= -k+y, or y -k+h, kES, hESu. Now
The next step, to show that T is additive, is easy:
)dp(y) + f (f(k + y) -f(y))dp(y)
To complete the proof of Theorem 2.1, it remains to show that g is continuous. That Aig is continuous for each A in G follows from (2.3), the continuity of Ahf, and the additivity of T: Let U'EU be an open neighborhood of Xo. From (2.4), there exists a point yiG U' for which gi(yi) >gi(x0) +e. Suppose that there is a point ynE U' such that gi(yn)>gi(xo)+ne. Then (2.5) (with y=yn) and (2.4) show that there is a point y"+iE U' such that gi(yn+i) >gi(xo) + (n+l)e. Hence, gi is unbounded above on U', thus on every neighborhood of Xo.
The proof of Theorem 2.2 would be simplified, and the assumption of second countability of G eliminated, if the following result could be proved:
Let G be compact, and let A"g be Riemann integrable on G for each A. If g is discontinuous on a set of positive measure, then g is unbounded.
In the absence of such a proof, the assumption of the second countability of G will be retained, so that G is a compact metrizable space. Then the Riemann integrability of g follows from taking <¡>(x, y)=f(x)+f(y) Clearly, {g"} is a sequence of measurable functions on F for which lim g" exists and is given by lim gn(y) =SK<f>(x, y). Since m(X) is finite and <j>(x, y) is bounded, (2.7) shows that the functions g" are uniformly bounded. Hence, it follows from (2. There exist nonmeasurable additive functions on other groups also, as the following discussion shows. It is well known [8] that every locally compact abelian group G is of the form Rn+Gi, where Rn is Euclidean w-space and Gi contains a compact open subgroup 77. A necessary and sufficient condition in order that every additive function on G be continuous is:n = 0 and every compact subgroup of G is a direct sum of cyclic groups. For if w =t 1, then any nonmeasurable additive function on Rn can be extended as an additive function to all of G. If n = 0 and S is a compact subgroup of G, then there will be a discontinuous additive function on G as soon as S contains an element of infinite order. Hence, every additive function on G is continuous only if 00 s = u sk,
where Sk is the closed subgroup consisting of all elements of order at most k. S being a second category space [5] , there is an Sk with nonempty interior in S. A finite system {Sí+Sk: (i= 1, ■ • • ,m),SiES} will cover S, so that every element of S is of order at most K + M, where M is the maximum order of the elements j,-. Hence [4] , S is the direct sum of cyclic groups. Conversely, if w = 0 and the compact open subgroup 77 is a torsion group, then every additive function is constant on cosets of 77, and is therefore continuous. It may be assumed that 0G^4. Let U be an open neighborhood of 0 such that U is compact and 2UQA, U denoting the closure of U; let G' be the group generated by U. Then there exists [7] a compact group HQU such that G'/H is an elementary group, that is, the direct sum of Rp, q copies of the reals (mod 1), r copies of the free cyclic group, and a finite abelian group (p, q, r non-negative integers).
The fact that 77 is compact makes it possible to produce functions using equations like (2.1) and (2.2), so that the techniques of the previous section may be used.
Let v be the Haar measure on 77for which v(H) = 1. For (x, y)QUXH, let 
